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Higher Order Cumulant  Studies of Ocwan Surface  ]Lanclom  Fields

frc]n] Sat cllitc Altimeter l)ata

11(.!111 [y >’. Chellp;+

1. Introduction

Higher order statistics, especially ?Jid cn (Icr statistics, llzivc IN*CII used to study ocean

proccsscs for many years in the ]mst,  alJd occupy w) a~qmxiablc ])art of the research liter-

ature on ldlysical  oceanography. !]’hcy i]~ tu~l} fol ]n }~art  of a ]nuc]l  lalgcr  field of study in

statistical fluid nlcchanics  (Mm]i]l al]d I’ZJP,]CJJ]J  1975). lVith the ac]vmt of satellite remote

sensing ill oceanographic data collection ill the 70’s, II IUCh of t]lc ]Iip,llcr order statistics pop-

ular with the signal processing collllliuljity (Iiwmll)latt  1!285; Nikias  and Pctropulu  1993)

can and are now being applied k t I]c stud y ( )f t}le cart h’s ocmJIs, Some relcvallt  papers

on t]lis  sul>jcct are ~u (1 983), (J]azxTJaTl  ( ] !J86), I,erl’raoli  (1!]90).  Sillcc t}lcn,  improvements

in satellite technology have sigllific;illtly  ] edllccd th( error c.ollt  cllt of the collected data,

resulting in better estimates of ]J]a]]y  iu)lml  { ant oceanic parall]etcrs  such as sea surface

height, wind sped,  sea surface t CIJJ})(’I :itIIT c, ct,c.  AIJ mcc!l]cl  Jt Overview on rwx!nt  applica-

tions  of statistics ill occanog)al)]ly  c;~]] bc fo[llid ill Chelto]l  CL al (1 994). Our purpose in

this article is to rc!port  on SO1”JIC ]Icw al)~)]icai icms of statistic] tCC]!l]iqUCS irl oceanography,

primarily of the 2nd order, usi)i~’, SCJ]l)C  IwcJIlly  ol)tainccl  satcllif{  a]ti]l]ckry  data, as well

as raised some unanswered statist  ic:il  } ,robl~l  []s fol future study.  Solnc glixnpscs into

applications of 3rd ancl highm (UCICI  stti.tisti~:-  ax c also proviclml f(n future research.

the

The ‘1’01’ltX/l’oscidon  satellite is clln(ltly at (h<: start of its 4th year of a 5 year
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c o n t r a c t  w i t h  t h e  N a t i o n a l  Aeronaut i<. s ali(l  S]iact ~l(lr]lir)istratioll. l’ir,  al, cial  s u p p o r t  was p rov ided  by  the
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mission to xnap and study the wt)] Id’s <)cea?]. A joir)t  IIlissioll  bctwce]l tl)c US and France,

this satc]]itc reprmcnts the state-  of- t~l(’- alt iI”J occallo~,ra~dlic  1 cl Ilote sensing technology. A

main component of the clata collected I)y tl)is s:itcllitc  is the sea siltface  height (SS13) of the

occali,  which is accomplished wit 1] al] c)llboard  altilnc(  cr. !I’llis SS11 data is available to the

public as a set of CDROMs  prodllccd  ill- ho~lsc  zit Illc JI’1,-P(II)AAC  group (Bcnada  1993).

Using this data, we analyze the lli~,lirl c)] do cuIIml~iIlts  of the SS11 field and give some

specific ap~dications. Naturally, wc will assI.II1lc  fol the rest of this article that all moments

exist and arc fhlite.  Readers wlio  w(m]d like  to illlpr(wc  tllcir k] lowlcdgc of oceanography

may wish to collsult  the cxccllc])t boolis of {;ill (1 98?) wld I,clll(u)d and Mysak (1978).

2. Second  Order Statistics

We begin by presenting aII ti~q )Iical.ioll  oi 211d c)ldc]  statistic in oceanography. The

ocean is a )laturai laboratory for t}le study of I m don] ]WOCMSCS,  al~(l until the recent advent

of satellite  remote sensing tcclllliqucs, ]las ]iiid ]imit,ed  access to lcscarc]lcrs.  h the study of

rnesoscalc  events (from 10 km to 500 kin), oc[allc~g]~t~)l)ic  pllenoI  I]cna such as eddies, long

gravity waves, a])d planetary \\~ti\(!~  [II( of gl(at il~tercst. [1’l]cy carl”y  nluch of the energy

stored in the ocean and act as Il:ttlll  a] capacitw o] stolagc  UJ I it for the earth’s energy

tmdgct. Such events arc manifcskd  ill the viii ~ation of the oc.call sea surface height (SSH),

which call be dctcctccl and mCMI.  Ired  tt’it}i rcla tivcl y ~jood prccisio]  i by a satellite altimeter.

Further-more, duc to the Fact t]]at tll{ occzi II is IJOt a ulliforlll  li]cdium, the mass density

of water differs at difiercnt de})tlls,  fol IIiillg a stratification whicl~ allows illternal  waves to

occur between interfaces of diffimlt dcllsitics.  ‘1’hcse  illternal  wav(s call bc quite cncrgctic,

with aln~Jitudcs  averaging 400 (; IIICS t]la~  detected on the sc:i surface (Wunsch and C,ill

].976). l)cpcnding  on the satclliic SINCCI, s~illll)ling  rate, tilld slmcil]g bctwccn  orbits, certain

types of waves iire readily detect [’(I a] ]d tll(’i~ corrqlcmclil  l!, IJl ol)crties  mcasurccl.  Much

of the literature in descriptive occz\]]C),gJ~.l)li)~  consists c)f vis~lally  intmpretillg the data,

usually via a co] Itour plot 01 a t ilii<’ s(] ics glirph. A J1iore  so~)llisticatcd  a~)proach  starts by
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partitioning the ocean into squal~! })a t cllcs ]lt)t more thz~tl  10x] O dcg;rccs  in size (a larger

pat+ is ICSS likely to bc spatially lItJJJI{>~;c]lctJLls). ‘J)lIC sate.]litc  ~;rouIld tracks within a

patch constitute a data set of SS11 IIICZiSLIICII ICIItS, called the SS}1 random field or SSH

field for snort. 2’l]c sampling dist aIlcc l)ctwccl]  poil~ts  c)]] a s;rouTIcl  txack is 6 km , and the

satellite repeats its pass over tl]c sal]lc  track once mrcry 10 days,  alld for this article, wc

choose 73 consecutive passes WI I icll {’,ivcs  a tot :(1 of 73 (il)dc]mlclmlt  ) realizations per track

(about 2 years worth of data). ‘J’),is  SS}1 field is thin, ~),occsscd  t(, m,,,ove unwanted errors

such as sea state bias, illvcrsc b{i] olli(tm  cf~cct,  olbit  CO] rectiolls.  gcoid corrections, tidal

components, and finally the mm]] fic](l  is I cI1lo\”ed  SC] as Lc) insure a nlcan zero SSH field. It

is clailned that tllc resulting cstil[ Iaic ll:is a loot- IneaI I- square m m of 4,7 cm pcr pass (Fu et

al 1994) and wc refer to their art ;clc I cgardill~, the dct ails of tl)is  )~lclinlillary processing of

satellite alti]netcr  data. ‘To inlprcn’e  the accuracy furt]]cr,  we pcrfoI  m additional processing

as follows:

(1) Passes with n~ore thaIl 2 colls(cutivc  had 01 nlissil,g~ values art <Iroppcd.  These account

for less than 10 percent of tll(:  lvlIole data  set.

(2) SS11 vtilucs  g;reatcr  than 30 CIII ,I,C trcat(d  as bad values, iIIId arc replaced with its

linear inteqmlatc  whcIIcvcI  lJOSS;}.)IC.

For  a large lIuInbcr  of patcll(s,  ii]l;ll~’sis of t}lis I aIl(loIII  ficl(l S1)OWS it to be approx-

imately homogeneous (Fu 1983; I.c’J’I ac,I]  1990) t})o~lgl)  l]ot llcccssarily gaussian, which

greatly simplifies the task of its clecoll)])osi{i(~ll iI)to IIIOrC  fulldall~ellta,l  components, ‘1’he

cumulants  of this SSH field  are of gre:Ii  i] Ltel mi LO physical  occanc)g:I aplicrs,  containing large

alnollnt of infornlatioll about tile St JLICtUTC of the cl] ]twddcd  oc(ali  waves. III partictllar,

the 2nd order culnulaIlts,  or autocov/11  iaI)cc fullctio)~s  of SS11 fields and its corresponding

spectra c~btailled  by applying F’l J’I’, }It~Ve  ] Ire\’iousl y 1 )Ccl] usccl to study the properties of

mesoscalc  varia})ility both in the Atlantic (1 ,C’I raoll  1990) w ICI tllc })aciflc  ocean (Glazman,

k’abrikallt,  and Greysukh 1996, i 11 ~)1 C’SS).
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Wc now dcscribc  two important aIId disti]  let spal ial autoco~~~liarlcc”  (or equivalently,

autocormlation)  functions that,  c:t II 1 N’ COI t]ln]t cd fro] J 1 tlic SS}1 fic]d.  ‘l’he first is called

the along- track (AT) autocowlial  ]cx: f~u)ctiml, which is rlalncd  for the fact that spatial

lags are taken along the path of t}lc sat cllite’s gl mu id track. l,a~,  intervals corresponds

to the sampling interval of the s;it ellite ( 6 k II I for ‘1’ C) I’IIX ), w] ~icll CaII bc incrmsed  by

subsampling  the data.  FurthcrllJt)]c,  It test ~atrllitcs used in the earth sciences have exact

orbit repeat period of several days ( 10 day cycle fol TOI’YX). ‘1’lJUS,  to obtain a tinlc-

indcpcndcl]t  AT autocovariance  full r.tioll, we iiVerEigC the autocm’ariance function over all

cycles. ‘1’l]c calculations are do]lc  as foll(nvs:  since the data is ~;ridctcd  with a constant

spacing of 6 km between successilfc l)oil)ts,  w(: pal titi(m  a tl]c)usa~ld kilometer lag space r

into consecutive bins of size A71 6 klll each, Iltr each track ill tllc ~)atch, all SSH products

with identical lag;s  arc collected a]]d the]]  avc~agml over all IMSSCS over  this track. This

procedure is thcl] rcpcatcd  fol all sulmcque]]i  tracks illsidc the ~mtch, and the pr-oducts

sunm-ncd  together and divided by t]]c lill]obcl  of jwil its in each A?’ bin. In rnathcmatical

notation, lCt (Z;j~ , y~j~ , ~~j~ ) dcl)otc tllc itl] point for }xass j 01] tx ack k, where (z, y) denote

the coordinates of the point, aII[l z is a rcali~;tioll  of tllc SS}1 field a{, that point. Denote

!-i?hcn

This gives u s  t h e  u s u a l  bit~scd sam}Jlc  cstinmtc o f  tl)c ollc-Clilllcrlsiollal  ( l - d )

tiI~lc-jIlclcl~clldcl]t  AT autoco~’iilitlll(’c  fullcti(ll.~. As al) illllstl  atioll,  wc ccnnpute  the AT

a.utocovariancc  function of tlJc SS11 fJcld 2111C1 its polvcr spcctrull] for a patch with coordi-

nates lo]]gitudc 330,340, latitude  30,’10, situa:.ed  ill t)le NoIth Atla]]tic.  ocean.

Fip, Lu’(’ 1 hew

Otllcr pate.hcs have a sil]lilar ~mtterll, M ith slipjit  d if Ikrc] I cm that arc oceanographic

in lm.ture  and of no concern to IIS il] this pa~xr, l)c]lcc all sulm’quellt illustrations will be
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based on this particular patch. ‘1 Ile  filltOX)\r~l  ianc[  function typical] y crosses the zero line

arounc]  150-200 km, corrcspoIldi  ) lg Ix] wavc]cl]$@~s  al mu{ fc]ur t iJ l]cs c)f the zero crossing

value. The spectrum is computm! h~’ t akil LR t IIc F1’rr of t }Ic aut ocovariance function with

the standard Htinning window. SIxcific ddails rcga? dil]g t,llc s}la])c  and features of the

autocovariance  aIId spectrum m] 1 lx’ found i~l E’u (1983), I,c l’raml (1990), and Glazman

et al (1996, in press). In particular, ,‘i~] illtercsling fact,  is that ill tile mid-region (from .02

to .07 rad/knl  ) of the above lo~!,-  10!, ])lot of tl)c AT wave-l)ull]lx:).  s~)cctrum,  the spectral

slope generally lies bctwccn  -2 aI ]d -3 , ?i]lcl  has nearly the saIl]c slMIw fcm all parts of

the world’s oceans This spectral I)OWI(l  law: w ) alo~)ous  to t h c fal 1 )ous  Kolmogorov’s  power

law for turbulence, is theorized to bc tllc const:qucncx  of a cc)lltil  L(lous c)lcrgy transfer (or

cascade) from lower wavcnumlms  t( ) 1 I ighcl- c]] )CS ( C;lazlllan 1996). Analogous power laws

have been found earlier for s]lmllcr \\’zivvleI]gtlI  scales such as gla~’ity  and capillary waves,

using data gathered from ships aJI(l various ]ncmrcd illstmmcllts  (],c~llond anti Mysak

1978, p. 318; I’hillips 1977, ]). 336). 7’l]c lllost rec(nt thcoly  (GlazmaII 1996) suggests

that the AT wave-number spcct] unl is actua]ly  a c-on I})osite c)f two difrcrcnt  type of waves,

shorter period (lCSS than a day) illcl tia g] avil,y wav(:s  al]d loI)g,t:J  ])cric)d (more than 10

days) planetary Rossby waves. ‘J’o SOIVC  tl]is  clccolll])ositiolJ  prol)lem, wc arc lee] to the

estimation of tllc so-called bctwcc]l - 1 I ack (} 1’1’) z~~li(~cc)~’arialjcc  f~l~)c.tioll,  which was first

utilimd to study SSH field in tlj(’ ])it])(r  by ({lI]zII]aIl  (:t al (1 WC, i]] ])rcss).

The ~n-incip]c  behind the colnl)lltatiol)  of the 117’ ~illt~)~o\ilIia]]Cc  function is to de-

termine  the colkribution  to the total  slwctru~n of t,])c SS11 wu iaticnls from waves having

different time scales. This is accoll~l)lislled  by allocafin~!  slmtial  lag bills of size 20 km by

20 km square a]]d clividi]lg  the total (J”t~scrvzltioll  tillle  illtc) tc:l)})cnal  lag bins of 5 days

duration c)r more (also known i]] lit(’raturc  as Z: sylicl)mlliciiy  int(l va] (Glazlnan  ct al 1996,

,n press)). With the 5 clays sy]]c},ro,~icity  i~,(t:rvial,  fast il,e~ tia I,, avity waves arc dccorrc-
.

iated at t]lis tinlc scale, and t]lcil colltli’:jul,i[)l]s  to tllc SS11 s~)ati:[]  autc)cc)variallcc  functioll

!)
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bccomc  ncgligitde,  whereas contl  i}jut ii)I 1s front the slowel  llossby  waves are dominant due

to the fact that a 5 day time lag, 1 xi W(’CI)  ally tivo obsmvat  iol]s  is sIIlall  compared with the

characteristic period of Rossby wi]\’(!~. l~at a a] ( collect cd fol cdl of tllesc  spatio-temporal

bins and averaged, and the autc)((l~zlri:l~)cc  fu)jction com])uicd. SiI]cc time coordinates as

well as position of each samp]cd  SS1 I lmi)lt al c IWC,OI dccl, it is mlativcly easy to compute

this lIT autocovariance as a flll]ct  iol I of tilnc and a two dimcnsimlal  lag plane.  The only

major drawback of this computatioII  i:; the Ii]]itccl nll]nbcr  of satellite tracks, usually be-

twec!n  9 to 12, wit]lin  a patch. ‘] ’]lis c(m CS])OI1(]S  to t]lc wcl]-kI”IowIl  prob]crn  of estimating

autocowwiance functions with IIlissil  l?, obscl va!icn]s,  al]d in our case, for a lack of a better

solution, we follow the suggcstiol  I of I ‘ill MI) to ob~ain an asympt  fjtic.ally  unbiased estimate

(Priestlcy  1981, p. 585). Uncle] thr assu],,pt ion of an isotrcq>ic  distribution, the BT au-

tocovariancc  bccomcs  a fulictio]  I of t 1 lc radial distal]cc and ti]l]c. It is then justifiable to

average out the angular contributio~] l)y illte}yrati(m to obtai]l  a l-d IIT autocovariance

function at the Oth time bin. ‘J’llcoI ctic:lll~,  this rc]n cscl]ts  tllc autocova.riancc  function of

waves having periods more t}lal 1 5 (lays (sinc(! those waves wittl  ]miods  less than 5 days

arc averaged out,).  MTC describe tl)c almvc stc] JS I]1o] c pl cc.isvly as follows. An estimate of

the 3-d s~)atio-tempera] a~ltc)cc)~ari~lllcc  fllllction cau be obtaill((l aS follows. Wc cali write

the SSH field as

)70),/)  = g(p, t)x(p, i)

Where  g(p, t) = = ]. if (p, f) =, (:( , ~,i) ]~es 01) a satc]lite  trfick , al id O otherwise. The 3-d

autocovariance function is thcll  (st i] Inaicd  by

s(o. y,f)
L’ol!(o’,y)f) ~ - - -- .#s(.?’,y,t)
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By the!

has shown that the above is a CO] lsisto  (t

assmnptjon of isotropy, a 2- d vc:rsi(  nl of

csti]I)atc a]ld is asyI]iptotically unbiased.

tile al)ovc  can bc obtained by averaging

out the aljgular component

1 r771

and this gives the l-d bctwccI]-tl ack ~+utocoviil  iancc functiolls as

117’6’0?(?’) : co?~(?’,  0).

It must be mentioned that a satellite tr avcls at a very high velocity (for example 10PEX

covers  a 1000 km long scgnlellt  of a tlack i~{ lCSS than 3 llli]l~ltcs), and hence the AT

autocovariancc  fullction is more  likt:  taki]l~, a snal~shot  of tile g] ouncl tlack segment, and

the BT autocovariancc  function is akil] to a nlok’ing  a~’cragc  filtc]  i]lg of the data in the time

dOInaill.  ]]1 fact, if wc take a slllall s>rllc~lronicity  interval  At, say 3 lninutes,  then 13TCov

coincides with ATCOV,  as cxpcct<:d.  It tuujs out tl]at for large values of At,  say 5 days

or more, then IITCOV and AT(; ov (1 ifl’crs il~ the tinle  scale of cmallic  motions that they

represent, the forlncr dcscribill~’,  thos( slow(T moviI]g  occa]l cddim ancl planetary waves,

and the latter that of faster i~lttmlal p,] :l~~ity  wa,vcs.

Some nice relationships exist  bct\vccIJ  tllc s])cctra

functions (for example, Moni~i a]]d ~?l~flCMJl  ( 1975) Sm.

or the t~vo types

12.?; Pll (1 983);

of autocovariarlcc

LC Traon (1990)).

We specifically lnention one ill)}mri  ;)] Ii case, [c. fo] sl]]all At (< 3 rnillutcs),  the Fourier

transform of Cov(x,  y, O), .T[C’0{)(7,  y, 0)] ~ l~q(kl  , IJz),  rclwcscllts  the power spectrum of

the 2-d SSH rancloln field and u]ld{l Il]c ass~l  mpt ion of isotro~)y,  it is related to the power

spcctrwlll  }!1 of the l-cl along-t] ack SS11 (Is(’illatiolls by

E](k~). (1)

Now for large values of At, tllc alm-vc  equatiol]  no lo]lgcr  holds, and the difference bctwccn

the left hancl side and the rip)lt Ilal]d si(lc ~’,ivcs  iLII il)dicatiol  L of the residual cllcrgy be-

longing to the fast intcrual  glality  waves RI iow]l ill occa]l litcl aturc as baroclinic  inertia

,-.(



gravity (BIG)  waves (Glazman 1996).  1 IIL’ w’:1~’es  travel  at phase s~mxls on the order of

3 nl/s,  wit]] wavelengths varyillf’, f]o] [1 10 to 1000 k]n, and Ilatw ~m iocls  not exceeding

the inertial period arising froln i I}c c~ll {IL’s rotation (lCSS tllall 24 hrs in the mid-latitude

rc,gions).  Typical graphs of tllc tlcc{)~ljl)l:)::itioll of t llc A1lCOV i] I Lo the 2 components arc

shown below.

JI’iglllc  ? }le] c

Notice the distillctly  stecpcl  S]OIX:  of the spcctr~lm  of the 1 )<twcemtrack  component

(from -4 to -5), and this is in a~,r,x,~lc]~t with t}]c l)rcd ict,  ions of tllc gcostrophic  turbulence

theory (Charncy  1971) on the INnvel  l:iw f( m 1 lossl)y waves. WC cm]ccntratc on the power

spectrum of 131C~  waves,  which contai~ls  much inforl~lation  almut  tllc physical parameters

of the earth’s ocean, as wc will scc IJC1OW. As an example, wc a] )ply the estimates above

to compute the ILossby  raclius of dcftn  JIJ aticn] of a ])~irticuli~~ patch. l’he Rossby radius is

an important quantity in both oc.ca]]  al]d atlllospl]cl  ic scicllccs, for it is the characteristic

scale in which rotation effects of the eaI th bc(. omc clcm-lillallt  (Gill 1982, p. 205), and is a

function of the ocean depth, gravitat iol] al pul”l,  and tile cartll’s  Coriolis frequency. In the

paper (Glazmall 1996),  the theory of III(; waves  is devclopccl and its prcdictcd  theoretical

spcctrurn  for the direct cascaclc cllcr~;y t) allsf(:r  ty]w is ~~ivcxl by

where z =: 1 + k2~2, k is the wiivcIIIIIIJIIcr,  1/ is t]Jc l{ossl)y ra[lills,  v is an ktegcr  denoting

the Ilulnt)cr  of wave-wave iIltcl act iol IS (drp,J cc of l]onlillcal  ity),  al]d ~(v) is the energy

flux that clcpcIlds only on v. All cstilnate  of 1{ is in)lnediate]y  ol)tained  from the data

by n~inilllizing  the least squalcs fit bciwco 1 the th(wl ctical  a]]d ol)scrvcd spectrum. For

the Atlantic ocean, these valum of 1/ WCI e foulld  to bc witllill  reasonable agrecnlcllt with

previous calculatiol~s  obtaincxl f~o] i 1 i~i sii.u data (~’llilcry,  1/cc, and Magaarcl 1984; Houry

ct al 1987),  details of which will tx IN esm]tc(l  in a fol-thconli]l~,  I)Z\I)CI’.  ‘J’hc qucstjon  of how

8



BIG waves are gcl]crated  is still IIOt WC]] UI Idcu+tcx)d  /Incl is currently a, subject of intense

research i]] oceal]ogyaphy.

The 3-d spatio-temporal  au~ocxnali wlcc functicn]s  CO?)  (X, y, i ) contains cluitc a bit

of information about a patch. ]X)<)kiIJ~,  at 2 d slices  of it of t}ic form COV(Z,  O, i) and

COV(O,  y, t) provides information 1 about LII( 1)] cyj:~gat iol) speed  of planetary waves. The

prominent elongated shape in tl]c cclltcr of the figure }Jelow  SIIOWS  the westward movement

of a planetary ltossby  wave, mcn’ill~,  at, a s~wed of arc~unc] 4 cr]i/scc (the slope of the

shape), typical of such waves in t]lc 1(’p,i(>]l  (]Jo\$ to obl aill cf]iciclit  cstilnates  of the slope is

another statistical problem in its cutil cty and wi]l be discusscc]  iIJ a future article). Notice

the parallel streaks that are a~)])~(lxi]]l;it,l:ly  a year apart  fronl tbc central shape, and this

indicates that tllc pcriocl of SUCII  wav(:s  is C1OSC to a ycal.

Y’i gure 3 hcI c

A siIrlplc  illustration will S]*OW W113 tl~is ;s so. Assume for sil Ilplicity  that the wave

is a plane wave , with a randc)l]l  plJasc adcl(’~1 to CIJSUI’C  StH~jOIJ?lI”;tj’;  that is, U(z, t) =-

Acos(kz - d -i #)) and Fte”$ =-- O. Its ]Jllasc S})CMI ill this case is ~,ivcn by c = u/k. Then

CO?J(?’, T) ~= E[u(x I ? ’ ,  i  -{ 7-)(  r(x, t)] = ~ Acos(h - LdT)/2,

which is I-JO longer  random, and YV}J(M’  111-iase  speed o.~/k  and IWI ;od can now be measured.

In actual practice, it is rarely t l~c case tllai pla]lctary waves ] Ililnic plane waves with

constant wawmu mbcrs and flequcl  I tics. ]11 faCt, p]a lJCi ary WZJVCS iJre po]ychromatic,  anC~

the clispcrsion  rclaticmship  clIaI actcl i~m the  I clatiollship  bctwccli thcm quantities, and is

equal to (Gill 1982,p. 446):

fik,
L,lo,’)  = ‘ - ~,j-_t ] /}{2’ (2)

where k = =
J

k:. -t k;, /3 clcpcIl(k  OIIIV 011 lai itudc (assuIIlcd  c.ollstallt  for a patch), and h?

is the iIltcrnal }{ossby  radius, IIt tlic case  of the zo]lal  slice CmI(x, O, t), tllc phase speed

:)



is again c z w(k)/kX  which Ilow (lc]mlds  011 I)otll k wld 1/. ‘1’1] is }nwvides  us with an-

other alternative method for dctc:~  Il]il  ]illg 1/ 01 ice we know tile value of the wavcnumber

k. It must lx emphasized that the csii][latcd SI}CC(I ol~tainc(l  as tljc S1OPC  of the the zonal

slices from this technique is onl J’ ml a] q)] oxi] 1 lation  of the true plmse speed to the first

order. At first sight, it seems tll;~t tllc l~k’r.l’  of the almvc autoc.owiriancc  slices may yield

more information on the wave stmci UJ c. ~lmvevcr,  this ap])roa  c}l did not produce any

clear results, due to the complicated Jla tllrc~  of tl)e dis]xrsioll  wlaticmship  ancl the need

for greater accuracy in the autocovw ial)cc  estilnatcs  (as is ~~cll-l(l]c)~vll,tlle  unbiased esti-

mate used is not always positive sel rlidrfil  Iite. It is sug+;cstcd t]]:)  t the large gaps in the

estimate which are due to uncwell C(WCI  age of the satellite passes lnay benefit from better

interpolation methods, such m tllc usc of’ s]jlincs , s~ncc usLIa] ]iJ]car illter’po]ation  tech-

niques co]nprornises  the positive scl I IidcfII Iitoless of the alltoc.ol’arial-]cc”  function ). Some

simulations might be helpful, s~lcll  tIs I.mildil)g a lnodc]  of tllc ?-d spectrum and see if

the corrcs~)onding  inverse Fk’rJ’  I eJH oduu:s  some of tile features observed so far. The

following equations show the fu]id;l? IICIIt al

@( L’, &,~’)  ‘= JJ j“ Co?l(x, y,i)c:x])[?(:ri:.  “{

““*  above dispersion relation (2). ‘J’ IICII III(’ ?-d

] (’latic)llshil)s  tmtwccll  various ‘spectras. Let

yky - ~Jt)]dk.. dkydf and u = Q(k) denote the

s~>eci,lulll is give])  I)y

and the I~ouricr  transform of tile slice ~~o~(o, O, i) is g;ivcn I)y

I’j.(kz,w)  =
//

co?J(@,f)cxp[”  :i(xkz -- LA)]d:ldf.

‘ !!!! F(k; , k:) (’x]) [i(l)::. --- t-l(k) t)] Cxp[- ?(,:i”k,  -- d)]dk:.dk;dd



Similarly, one can show that

The above equations illustrate t] ie il []]m]  t ant point, that tile 2-d wave] lurllbcr-fl’eqllcllcy

spectra call be obtained froxn tll( ~.(l ~$t,vclllll)lbel  sl)c~tl a alonc,

Equation (1) also has an illtcrc~til]g  i~)tcl$ljlctalioll  viewed  frmn the perspective of

computer tonlography. It says t list t IIc aloI IF-track spcctruln  arc the sum-total of con-

tributions of l-d slices of the ? d s])cct rulr). Utilixillg  the isotl opy assumption, we can

recover the full 2-d AT wavcnull  ~lwr slwct) u~]  I Vii.t t ecluliqucs  i] 1 IXHI log~ aphy, such as the

filtered back-projection algoritl]l  11 (K ak aJld S1 ancy 1988).  IIy OU1 results above, both the

2-d AT wavcl~~lllll>er-  freqllcl~cy  s})cct  ~ ~1] 11 aT]d spat io tellll)or-al  all toccn’ariance  can also bc

rccovcrcd  and analyzed, a subjcci,  of c~l~r(:llt ] csearcl].

Fina]ly,  one can look at the Fl”r]’ (of tilt:  wliole 3-d spatio  tc]npox”al  autocovmiance

function, and our preliminary il)vcstigiltiol  Is i] idicate  that t]le  3 d wavenumber-frequency

spectrum contain enough illtcrcslil”lg:  “feat u] es t;lat n Icrits  furt~lcr  (!x})]oration  ill the future.

3. Some Applications of 3rd and IIigl]er Orcler Statistics

Up to now, nothing has bccll Sii;(l about the natulc of tll( distrilmtioll of the SSH

randoln field,  hlost authors would ])refcr to take the sil]l])lcst  case and assume  that

the distrilmtion is a priori Gallssi:ijl. A cllt’ck of LIIC along- tl ack 3rd order cumulant

~unl(llrll,  Ilsll) I- E(~(]))~(I)  -1 ]).~(])  -1 s)) for t}l[ sa]]le  pate}) al~ovc!  shows ]1o signifi-

cant deviation from zero at tllc 95% co] Ifi(lc]](.  c lCVCI,  includi]  ig t IIe ox igin which gives the

3rd I1lOIllCIlt  (SkCWllCSS)  hll(()> ()). ‘.l’l c test statistic  l]sed  w-as the standard W times

sample  Incan divided by the saTII~)l(:  stii])(l.~1(1  dcvia(ioll  fo] cac]) 6 knl by 6 km cell (the

resolution plot), where n =. 73 is the II UUIIW of rcali~atio]ls, slid t }Ic absolute value of the

test statistic is ullifcmnly less tllall 1 .f)’14’2  cv(:rywllcre. Stallclal  d a}~plic.ation  of the CLT

clocs not reject the null lly~mtlltxis  tll:it tllc 3rd orxlcr  cuIIIulal It is .si?;nificalltly  cliffcrent



from zero.  of course this docsll’t  IJIOVC anythi]g almut  tl]e distl’il)ution of the SSH field,

except to show that there arc IJO si~yJificaIlt  3 wave i]]tc]acticn]s  f(x this particular patch,

lIowcwcr, other patches wc have testt:(l  did IJCJt  cxllibit  similar bcllavior.  For example, for

a patch in the South Atlantic with coordinates  lon~,itudc 340,350 a]ld latitude -25,-15, the

value of tl)c test statistic is 3.7324  fo] tile 3rd lnolnejlt, with 8 ot}lcr points significantly

greater than 2 ill a 600 km x 600 k]ll la~; s])act.:. A1-J  a]q)qwiat c I] lode] thczwfcm  for this

SSH field  is of tllc form

‘f(l)) XO(P’) + “~.Q(P))

where ,Yo and X9 represents the IIOIJ - R:lllssiall and ga~lssian  c.on~l  m)lcnt  respectively, both

incicpelldcnt of OJ]C anothm. li(covcry  of tll( noIL- g,aussial]  si~,tlal  cml bc accomplished

by using tllc bispectrum signal rtc.ollsl  lllctiol] Lecllniquc  ImIjIllaI in elcitronic  speech and

imaging  a~~plications  (Nikias a]l(l I’(tropu]ll  1 {193).  let L’3(k1 , /;7 ) denote the bispectrum

of X, wl)ieh is tile Fourier traI)sf{wIl)  of tllc 3rd cndcr  culnu]al (t Cum(llrll, ]]s1]). Then

the phase ~o(k)  and magnitude Illil(k) II of t IIe s}x:ctrum  of .3’0 is given by (Nikias  and

1’ctropulu  1993,p. 235)

where ‘Y(k]  , k2) =: arg(C3(kl,  k;,))  a])(l o is a posit i~’c cmlstant. It is clear that since the

3rd order cumulants of A’g Vm)isllcs,  t l[c lccollstr~tct  (Id sip;l}til  lNloJ]gs to the IIon-gaussian

com~)cmclLt  of ~. CJraphs of the ] !la~~llil u(]e a)) d p]las(’  of t]lc I mn’crcc]  signal Aro are shown

below.

}Jip,ol  c 4 he] e

Wc llotc t]lat those values  W}]OSC  ~vti~’tli~l]r~l.)(ls  ]ic l)(ycHLcl  .3 rad/kI]] are in tile noise range

of tllc altimcim,  hence not to I)c t] (~sled. ‘1’llat th(: p})asc  is I]on-mro  indicates that the

)2



signal  is s])atially

oceanic proccsscs

wc speculate that

i~lho~l-logcl]e[)lls.  \3’c arc ill

would give rise to t}lis llo]t

the signal is cl(ullillated  b)’

also nccxl  to bc tested to dcter)rlinc  \Y}Jc]e ill

the pl occss of illvcstigatillg what kind of

gaussiall IiOIJ - ]]o]J)ogcIIcous  signal, though

cdclies al]d 2-d tuIlmlcIIce.  More patches

lhe oc(wII  arc SUC]I signa]s  prm’alent.  one

could also compute the bctwecll.  irack 3rd o) dcr cunlula]lt  usinp,  si]]li]ar techniques as in

the conlImtatiol~  of BT autoccnwl  iallc.c ~ullctit  m, but l)ccausc of its colllplcxit  y, wc leave

this open for future  invcstigatiol 1s.

If the SSH field is dctcmrlillt(i  to llavc a siglliflc;ll)t  31d order  cunmlant, thcll we can

compute the bicohcrwncy  functiol], w’llic.11 is ttlc norll~alitied  lllap,liitudc  of the bispcctrum,

and usc it to measure the C]cgrct> of ]}]lasc’  co~l])]illg  ~wtw’cml h’i:l(]s of waves (]~assehnan,

Munk, arid Macl)cmald 1963). 11) a(l(litioll , it was sh(wll in (Masucla and Kuo 1981) that

tile biphase,  which is the phase of t]]c l:lis]wctmll), is rc]atcd  to t]lc sha~)c of the original

field X. ‘1’hese  two quantities ca~) bc co]n]wt(d  as follows:

Howcwcr, duc to the low signal-t O-lJOiS(’  ratif) otxwrvcd  ill the 3rd mdcr cumulzults for the

above patehcs,  the results havr so f’al bem illco]lcl~lsivc. WC llavc idcmtificd  4 possible

mcchanisl]l for whick wave cxm])lill~,s  C:LI[ occ.]r ill tile scales u] ldcl consideration. Plan-

etary waves, BIG waves, I’CSOll{illt  illt fractic)ll  bctvwcn ])lallctal  y and BIG waves, alld 2

dimcnsoll:il  gcostrophic  turbulcl ICC till ~.ivv ] i:,c to iriacl illtclactiolls.  ‘1’here is also a need

to distinguish which type of ]]J(:clIaI Iisln are rcsl)ousiblc for tllc coup]ings once they are

observed. Wc also note that ill ((JltizIJ)aIl  19{)6)?  it is tllcori~xxl  that. 4 -wave intcracticnls

trispcctra] analysis to verify this. llo}~fvcr,  IIiis would SCCIr-I to rcquilc  a11c)thcz5  major im-

provcmcllt  in rc] note scnsillg  tcc.llnolof,y” , as II ie illc] iawcl ]Ioisc  l(IVCI would have clrowned

the signal  all too easily, plus tile (t)))]:,)lltat~f)llal  rmourccs required to compute the 4th

1:{



4. Conclusions

%tcl]ite rcnmtc sensing tcc])l){)]o!)y  ]la\fc a(]va]]ccd  to t]lc stag,r  wlIeIc it is now possible

to do higher order statistics wit]] big)] ]JI ccisio]]. ‘1’llc 1- d a,]ld 2-d automvariance  functions

were usccl  to provide evidence t] I at, 111 (~ ~vavv:j  exists ixl tlIc O]WI [ ocean, while 3rd order

statistics iIlcticatr  the ncm-gaussial)  il]llf:)lllc){’,t[]co~ls  llaturc  of tl)c sig,llal,  as well as the

possible wave ccm~)lings  that JnaJ’ occllr at tl)c n)t:soscalc clomaill. ‘1’llc above techniques

can also be applied to vatictatc  c)c(mll IrIodcls  I)y cross-  cllcctiil]g  tile results computed with

a model with t]losc obtained f] o]]]  tllf satdlit)c altinlctcr. I]] tllc yews ahead, wc forcscc

that satellite rclnotc  scnsillg will lKYm  IIC II 101 ( aIId  II-J(HW COII-1111[)11, havi]]g  already replaced

the occal]-faring  research vessel as 1 lJc dcfacl o stal ldard for collection of oceanographic

clata. TmJmological  }nwgrcss lJavc I]ladc  II](IJ1 ccolit)lnically  CII(al KI a]ld arc astonishing

in their capability to haul in llUF,C  cll[IJIks  of ~;lolm] data tl]at a I c ]]]agIlitudcs  greater in

comparison to in situ methods, 1 lcsciil  cI1 arc c urrcnt]y c.onductc(l  to inc. orporatc  even  mom

oceanographic variables that a] c ]]c)t rllr]  clltl~ accessil)lr  tc) satellite ctctection,  and all this

would require the use c)f advallc(  stai islicai I)] ocedu] (’s to ploccs:, tljc rcsu]ting information

for hulnax]  consulnption.
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